This paper considers tests for symmetry of the one-dimensional marginal distribution of fractionally integrated processes. The tests are implemented by using an autoregressive sieve bootstrap approximation to the null sampling distribution of the relevant test statistics. The sieve bootstrap allows inference on symmetry to be carried out without knowledge of either the memory parameter of the data or of the appropriate norming factor for the test statistic and its asymptotic distribution. The small-sample properties of the proposed method are examined by means of Monte Carlo experiments, and applications to real-world data are also presented.
Introduction
Testing for symmetry of a probability distribution about a specified or unspecified center is a problem that has attracted considerable attention. This is not perhaps surprising in view of the fact that many nonparametric and robust statistical procedures rely to a certain extent on the assumption of symmetry. Symmetry, or lack of it, is also important in terms of the definition and estimation of location since the center of symmetry of a distribution is its only natural location parameter. From the viewpoint of statistical model building, a check for symmetry is a useful addition to existing diagnostics since the absence of such a distributional characteristic would exclude certain families of parametric models (e.g., linear ARMA models with independent and symmetrically distributed noise) from the set of valid candidate models.
In the economics and finance literature, symmetry is an implicit or explicit assumption in some commonly used models, including, for example, many rational expectations models, the Sharpe-Lintner capital asset pricing model, and the Black-Scholes option pricing model. With many empirical studies reporting significant evidence of asymmetry in the distributions of financial and economic data, the adequacy of such models and their data coherency have become issues of concern, and extensions/modifications have been proposed to incorporate asymmetry in the models. Another prominent example from macroeconomics in which symmetry is a central issue relates to the question of whether real economic variables behave asymmetrically over the phases of the business cycle. Following the influential work of DeLong and Summers (1986) , a large literature has evolved in which different types of cyclical asymmetry are identified via the distributional asymmetry of relevant economic variables. In light of favorable empirical evidence for cyclical asymmetry, economic models have been developed which are capable of generating asymmetric behavior endogenously. As Lee (2007) aptly notes, therefore, "...an appropriate test for distribution symmetry is useful not only in understanding distributional characteristics of data but also in evaluating economic hypotheses and models."
Although most of the voluminous work on the subject of testing for symmetry has focused on the case of independent, identically distributed (i.i.d.) data, a small number of studies have discussed tests which are robust to deviations from the assumption of independence; relevant references include Chen, Chou, and Kuan (2000) , Psaradakis (2003 Psaradakis ( , 2008 , Bai and Ng (2005) , Delgado and Escanciano (2007) , Lee (2007) , and Racine and Maasoumi (2007) . These studies rely on large-sample results obtained under short-range dependence conditions, which typically imply that the autocovariances of the data decay to zero, as the lag parameter tends to infinity, sufficiently fast to be absolutely summable. It has long been recognized, however, that such dependence conditions may not accord well with the slowly decaying autocovariances that are observed in many time series.
Our aim in the present paper is to discuss tests for symmetry which are valid in the presence of not only short-range dependence but also long-range dependence and antipersistence. The defining feature of stochastic processes with such dependence structures is that their autocovariances decay to zero as a power of the lag parameter and, in the case of long-range dependence, slowly enough to be non-summable.
Stochastic models exhibiting long-range dependence are not only of theoretical interest but have also been found to be useful for modelling real-world data occurring in fields as diverse as economics, geophysics, hydrology, meteorology, and telecommunications; see Doukhan, Oppenheim, and Taqqu (2003) for an extensive review.
The symmetry tests we consider exploit the fact that an odd function of centered data, which we denote by ψ, has zero expectation under distributional symmetry. 1 The tests are applied to fractionally integrated processes that may exhibit short-range dependence, long-range dependence or antipersistence, depending on the value of a memory/dependence parameter, which we denote by d. Although the test statistics are simple linear statistics, inference is complicated by the fact that their asymptotic null distributions depend on certain properties of ψ and on the (unknown) value of d, involve nuisance (and difficult to estimate) parameters, and may be non-standard. Moreover, the appropriate norming factors needed to ensure that the test statistics have a nondegenerate asymptotic distribution are also dependent upon ψ and d.
As a practical way of overcoming these obstacles, we propose to use the bootstrap to estimate the sampling distribution of the statistics of interest. Our approach 1 A similar approach was pursued by Lee (2007) under short-range dependence conditions. relies on the sieve bootstrap, which is based on the idea of approximating the datagenerating mechanism by an autoregressive sieve, that is a sequence of autoregressive models that increase in order as the sample size diverges to infinity (Kreiss (1992); Bühlmann (1997) ). The sieve bootstrap delivers tests for symmetry which are easy to implement, asymptotically valid, and require knowledge (or estimation) of neither the value of the memory parameter of the data nor of the appropriate norming factor for the test statistic. Furthermore, the resampling scheme is the same under shortrange dependence, long-range dependence, and antipersistence.
The remainder of the paper is organized as follows. Section 2 formulates the problem, and introduces the test criteria and stochastic processes of interest. Section 3 describes the sieve bootstrap method for approximating the distribution of the test statistics. Section 4 examines the small-sample properties of the tests by means of simulation experiments. Section 5 illustrates the practical use of the proposed methods by presenting applications to realized stock return volatility and output growth. Section 6 summarizes and concludes.
Problem, Assumptions and Test Statistics
Let X := {X t } t∈Z be a strictly stationary sequence of real-valued random variables with E(X 0 ) = μ for some μ ∈ R. The problem of interest is to test the hypothesis that the one-dimensional marginal distribution of X is symmetric about μ, that is,
where L(V ) denotes the distribution of a random variable V .
It is easy to see that, if (1) holds, then
Hence, ζ ψ may be used as an index of symmetry of the distribution of X 0 . Examples of functions ψ which have been used in the literature to construct tests for symmetry include ψ(x) = x 2b+1 for some Gupta (1967) ; Bai and Ng (2005) ), ψ(x) = ax/(1 + a 2 x 2 ) for some a > 0 (Chen, Chou, and Kuan (2000) ), ψ(x) = arctan x (Premaratne and Bera (2005)), and ψ(x) = sgn x (Gastwirth (1971) ).
A natural empirical analogue of ζ ψ based on a sample X n := (X 1 , . . . , X n ) of n ∈ N consecutive observations from X is
whereX := n −1 P n t=1 X t . Values of S ψ near zero would be consistent with the symmetry hypothesis (1). In the case of testing for symmetry about a specified center μ = μ 0 , the summands in (2) may be replaced by ψ(X t − μ 0 ).
With regard to the class of stochastic processes considered in our analysis, it will be maintained throughout that X is a fractionally integrated process with memory (or fractional differencing) parameter d. More precisely:
(A.1) X satisfies the equations
for some fixed
), where Y := {Y t } t∈Z is a sequence of zero-mean random variables and B denotes the backward shift operator (BY t := Y t−1 ).
As usual, the fractional differencing operator (1 − B) −d in (3) is defined by means of a Maclaurin series expansion,
where Γ denotes the gamma function (with the convention 1/Γ(0) = 0). It is further assumed that:
where {π j } j∈N 0 , N 0 := N ∪ {0}, is an absolutely summable sequence of real numbers (with π 0 := 1) such that π ∞ := P ∞ j=0 π j 6 = 0, and {ξ t } t∈Z is a strictly stationary and ergodic sequence of real-valued random variables with a finite fourth absolute moment such that E(ξ t |F t−1 ) = 0 and E(ξ 2 t |F t−1 ) = σ 2 > 0 for all t, F t−1 being the sigma-algebra generated by {ξ t−i } i∈N .
Under (A.1)-(A.2), X is a strictly stationary and ergodic process that admits the linear representation
for some square-summable sequence of real numbers {θ j } j∈N 0 (with θ 0 := 1) satisfy-
Hence,
) and X exhibits long-range dependence. When
, 0), X is said to be antipersistent and
∞ . The class of stochastic processes defined by (3)-(4) is rich enough to include many processes with slowly decaying autocovariances, and is arguably the most important class of long-range dependent and antipersistent processes. A prominent example are autoregressive fractionally integrated moving average (ARFIMA) processes, obtained with Y in (3) being a causal ARMA process. We note, however, that rates of decay for the weighting sequence {π j } in (4) much slower than the exponential rate that is characteristic of ARMA processes are also permitted (e.g.,
for some λ > 1 and a real function L on [1, ∞) that is slowly varying at infinity in Karamata's sense). It is easy to see that, if {ξ t } is an i.i.d. sequence, then symmetry
The asymptotic behavior of S ψ for fractionally integrated processes depends on the value of d and on the properties of ψ and Y, and may be determined on a case-by-case basis, under additional assumptions about ψ and Y, by relying on the results in Ho and Hsing (1997) , Koul and Surgailis (1997), and Ho (2002) , inter alia.
The asymptotic null distribution of S ψ may be Gaussian or non-Gaussian, depending on the memory parameter of X and the properties of ψ. To appreciate why, note that, under an i.i.d. assumption about {ξ t }, appropriate regularity conditions on the distribution of ξ 0 , and smoothness conditions on ψ, S ψ admits the representation
for some m ∈ N, where
U 0 := n, and R ψ is a remainder which converges in probability to zero, as n → ∞, at a rate that depends on d and m (see Ho (2002) ). In general, the first three terms in the right-hand side of (6) all contribute to the asymptotic distribution of S ψ , and they may or may not be asymptotically normal when X is long-range dependent.
In addition, the norming factor needed to produce a nondegenerate weak limit for the distribution of S ψ is also dependent upon d and m. For example, under suitable moment conditions on ξ 0 and some growth conditions on ψ, the centered partial sum
) and κ(1 − 2d) > 1, κ being the smallest positive integer for which
) and κ(1 − 2d) < 1, then
where
W being a real-valued Gaussian random measure on R with Lebesgue control measure (Ho and Hsing (1997) ; Koul and Surgailis (1997) ). Similarly, for any r ∈ N such that |ξ 0 | 2r is integrable, n −1/2 U r is asymptotically normal, as n → ∞, when
) and r(1 − 2d) < 1, then the distribution of n −1+(r/2)(1−2d) U r converges weakly to that of (Λ Surgailis (1982) ; Avram and Taqqu (1987) ). Note that Z d,k is Gaussian for k = 1 and non-Gaussian for k > 2.
It is worth stressing that these difficulties also arise when testing for symmetry about a specified center μ = μ 0 , even though S ψ does not involve any estimated parameters in this case. For example, under suitable regularity conditions on ψ and Y (see, e.g., Ho and Hsing (1997) 
κ being the smallest positive integer for which ∆
We also note that a test of the symmetry hypothesis (1) may be based on a studentized statistic of the form w
ψ is a suitable estimator of the variance of S ψ . This approach is not, however, without difficulty, even when the center of symmetry is specified, due to the fact that construction of an appropriate estimator w 2 ψ is far from straightforward in our setting. Assuming ψ and X are such that the (generally nonlinear) process {ψ(X t − μ)} is fourth-order stationary with autocovariances which are either absolutely summable or asymptotically proportional to |h| −β ψ , as the lag parameter |h| tends to infinity, for some β ψ ∈ (0, 2)\{1}, one may consider estimators w 2 ψ of the type discussed in Berkes, Horváth, Kokoszka, and Shao (2005) and Abadir, Distaso, and Giraitis (2009) . However, such estimators rely on knowledge or estimation of β ψ (which is determined by ψ and d) and/or are sensitive to the selection of a bandwidth parameter (the optimal choice of which depends on β ψ ). For these reasons, our analysis will be based on the non-studentized statistic S ψ .
In the next section of the paper, we discuss how the sieve bootstrap may be used as a practical way of overcoming the difficulties associated with the dependence of the behavior of S ψ on d, m and κ. The principal advantage of the sieve bootstrap is that it can used to draw statistical inferences from S ψ to ζ ψ without knowledge of the memory parameter of X or of the properties of ψ, and is valid for
). Moreover, because bootstrap approximations are constructed from replicates of S ψ , there is no need to analytically derive (nor to make assumptions about) the appropriate norming factor for S ψ and its asymptotic null distribution.
Sieve Bootstrap Inference
The sieve bootstrap scheme is motivated by the observation that, if Y is invertible, in the sense that P ∞ j=0 π j z j 6 = 0 for all complex z with |z| 6 1, then X admits the autoregressive representation
for some square-summable sequence of real numbers {φ j } j∈N 0 (with φ 0 := 1) satis-
However, as noted in Poskitt (2007) , the representation (7) provides a meaningful approximation even if Y is not invertible. In the latter case, P ∞ j=0 φ j z j may be viewed as arising from the
are the coefficients of the best linear predictor of X 0 based on (X −1 , . . . , X −p ). Under (A.1)-(A.2), the finite predictor coefficients of X are uniquely determined as the solution of the set of equations P p j=0 φ p,j γ k−j = 0 (k = 1, . . . , p) (cf. Brockwell and Davis (1991, Corollary 5.1.1)), and satisfy P p j=0 φ p,j z j 6 = 0 for |z| 6 1. The idea is to approximate (7) by a finite-order autoregressive model and use this as the basis of a residual-based resampling scheme. If the order of the autoregressive approximation is allowed to increase with the sample size at an appropriate rate, the distribution of the process in (7) will be matched asymptotically (cf. Kreiss (1992) ; Bühlmann (1997); Kapetanios and Psaradakis (2006); Poskitt (2008) ).
To formalize our sieve bootstrap scheme, for some p = p(n) ∈ N with p ¿ n,
p be estimators (based on X n ) of the coefficients and noise variance, respectively, of a pth-order autoregressive model for X t −X. Further, let {ξ p,t } be the corresponding residuals, i.e.,
P n t=p+1ξp,t , and 1 A denotes the indicator function of A. Bootstrap replicates X * p := {X * p,t } t∈Z of X are then defined via the recursion
where, conditionally on X n , {ξ * p,t } t∈Z are i.i.d. random variables with common distributionQ p . Finally, the bootstrap analogue S * ψ of S ψ is obtained as
n , constitutes the sieve bootstrap approximation to the null sampling distribution of S ψ . Note that the empirical distributionQ p is symmetric about zero and, in consequence, the conditional distribution of X * p,t , given X n , is symmetric withX as the center of symmetry. This means that X * p is constructed in a way which reflects the symmetry hypothesis under test even when X does not satisfy (1). This is important for ensuring that the bootstrap test of the hypothesis (1) has reasonable power against departures from symmetry (cf. Hall and Wilson (1991) ; Lehmann and Romano (2005, Section 15.6) ).
To examine the asymptotic properties of the sieve bootstrap for S ψ , the following additional assumptions are made:
, where δ 0,k is Kronecker's delta and
(A.5) ψ is continuously differentiable almost everywhere on R.
The proposition that follows (the proof of which appears in the Appendix) establishes strong consistency of the sieve bootstrap approximation to the null distribution of S ψ under the resampling scheme described earlier, thereby justifying the use of our bootstrap-based inferential procedures. Closeness of two distributions Q 1 and Q 2 on R having finite second moments is described in terms of their Mallows-Wasserstein distance, which is defined as ρ(
, the infimum being taken over all pairs of random variables
It is well known (see, e.g., Bickel and Freedman (1981, Lemma 8.3) ) that ρ metrizes weak convergence together with convergence of second moments. (In what follows,
It is worth noting that assumption (A.3) is made for the sake of technical convenience because it ensures that the polynomial P p j=0φp,j z j has no zeros in the disk {z : |z| 6 1}. However, the Yule-Walker estimator in (A.3) may be replaced by the least-squares estimator without changing the conclusion of Proposition 1, for the two estimators are asymptotically equivalent under our regularity conditions (cf. Poskitt In practice, analytical computation of the bootstrap distribution of S * ψ is typically intractable, but an approximation (of any desired accuracy) can be obtained by Monte Carlo simulation. Specifically, if S * ψ,1 , . . . , S * ψ,N are N conditionally independent copies of S * ψ , obtained by repeating N times the resampling procedure described earlier, then the empirical distribution of (S * ψ,1 , . . . , S * ψ,N ) serves as an approximation to the bootstrap distribution of S * ψ . Hence, the bootstrap P -value for a test which rejects for large values of |S ψ | is obtained as P *
, and the null hypothesis of symmetry is rejected at a given level of significance α ∈ (0, 1) if P * ψ 6 α. Another possibility is to reject symmetry wheneverP * ψ 6 α, whereP * ψ := min{2N
ψ,i )}; this corresponds to an equal-tailed (rather than symmetrical) test of nominal level α. As we did not find any significant differences between the properties of tests based on P * ψ and P * ψ , we shall hereafter focus on the latter.
The sieve bootstrap may also be used to construct confidence intervals for ζ ψ based on S ψ . For example, for a fixed α ∈ (0, 1), an (approximate) 100(1 − α)% two-sided confidence interval for ζ ψ is obtained as
where K * ψ is the quantile function associated with L(S * ψ |X n ). An approximation to K * ψ can be obtained by modifying the bootstrap scheme described earlier so that, conditionally on X n , each ξ * p,t in (8) is distributed according to the empirical distributionQ † p (A) := (n−p)
pξp ) instead of its symmetrized counterpartQ p (this implies that the bootstrap replicates X * p are not constrained to be symmetrically distributed). When (A.1)-(A.5) hold, asymptotic validity of the sieve bootstrap for S ψ under the resampling scheme based onQ † p follows from Lemma 1, Theorem 2 and Remark 2 of Poskitt (2008) .
In the implementation of the sieve bootstrap in practice, bootstrap replicates may be obtained according to (8) by setting (X * p,−p+1 , . . . , X * p,0 ) = (X q−p+1 , . . . , X q ), where q is an integer chosen randomly from the set {p, p + 1, . . . , n}. Another possibility is to set X * p,−p+1 = · · · = X * p,0 =X, generate n + n 0 replicates for some large positive integer n 0 , and then discard the initial n 0 replicates to eliminate startup effects (this procedure, with n 0 = 100, is used in the remainder of the paper).
Another important practical consideration is the choice of the order p of the autoregressive sieve. A data-driven selection procedure may be based on minimization (over a suitable range of values of p) of an objective function of the form
where f (n) is a nondecreasing function of n that determines the strength of the penalty term associated with any given order p. The well-known Akaike information criterion (AIC), Schwarz Bayesian criterion, and Hannan-Quinn criterion are obtained from (10) with f (n) = 2, f (n) = log n, and f (n) = c log log n (c > 2), respectively. The following proposition (proved in the Appendix) provides the theoretical justification for the use of order selection criteria such as C(p) in our setting by giving conditions under which a data-dependent choice of p based on (10) meets, with probability 1, the requirements of (A.4).
Proposition 2 Suppose (A.1)-(A.3) hold and letp := arg min 16p6M C(p), with
for all n ∈ N, and f (n) = o(n {log n} −τ −ε ), as n → ∞, for some ε > 0. Then,p satisfies (A.4) almost surely.
We note that the result stated in Proposition 2 remains true if the Yule-Walker estimatorσ 2 p in (10) is replaced by the corresponding least-squares estimator. We also note that, under mild regularity conditions (cf. Poskitt (2007, Theorem 9)), the autoregressive order selected by C(p) with f (n) = 2 is asymptotically efficient, in the sense defined by Shibata (1980) 
We conclude this section by remarking that the linear structure imposed on Y by (A.2) is admittedly somewhat restrictive. However, the results of Bühlmann (1996, 1997) indicate that linearity may not be too onerous a requirement since the closure (with respect to the total variation metric) of the class of linear processes is quite large; roughly speaking, for any stationary nonlinear process, there exists another process in the closure of linear processes having identical sample paths with probability exceeding e −1 ' 0.37. This suggests that the sieve bootstrap is likely to yield reasonably good approximations within a class of processes larger than that associated with (5).
Monte Carlo Experiments
In this section, we examine the small-sample properties of the proposed symmetry tests by means of Monte Carlo experiments. The data-generating mechanism is an ARFIMA process satisfying the equations (S1) Normal (β 1 = 0, β 2 = 3).
(S2) Double exponential (β 1 = 0, β 2 = 6).
(S3) Student's t with 5 degrees of freedom (β 1 = 0, β 2 = 9).
(S4) Generalized lambda with parameters λ 1 = 0, λ 2 = −0.397912, λ 3 = λ 4 = −0.16 (β 1 = 0, β 2 = 11.6).
(S5) Generalized lambda with parameters λ 1 = 0, λ 2 = −1, λ 3 = λ 4 = −0.24
(A1) Chi-square with 4 degrees of freedom (β 1 = 1. 414 2, β 2 = 6).
(A2) Exponential (β 1 = 2, β 2 = 9).
(A3) Lognormal with median 1 and shape parameter 0.7 (β 1 = 2.888, β 2 = 20.79).
(A4) Generalized lambda with parameters λ 1 = 0, λ 2 = −1, λ 3 = −0.001, λ 4 = −0.13 (β 1 = 3.16, β 2 = 23.8).
(A5) Generalized lambda with parameters λ 1 = 0, λ 2 = −1, λ 3 = −0.0001, λ 4 = −0.17 (β 1 = 3.88, β 2 = 40.7).
3
For d 6 = 0, artificial data are generated via the infinite-order moving-average representation of the ARFIMA process (11) truncated after the first 1,000 terms. 4 We consider two sample sizes n ∈ {100, 300}, and take the order of the sieve approximation to be the minimizer of the AIC over the range 1 6 p 6 b2(log n) 2 c, bxc denoting the integral part of x. The approximating autoregression is fitted by the method of least squares (which is preferred here over the Yule-Walker method because it is known to produce estimates that exhibit smaller finite-sample bias).
3 The generalized lambda distribution is most easily specified via its quantile function, which is (Ramberg and Schmeiser (1974) ). The parameter values for (S4), (S5), (A4) and (A5) are taken from Randles, Fligner, Policello, and Wolfe (1980) . 4 The stationary solution of (11) satisfies (5) with θ 1 = −ϕ+ϑ+η 1 and θ j = −θ j−1 ϕ+η j−1 ϑ+η j for j > 2, where
Bootstrap approximations are constructed from N = 500 bootstrap replicates, while the number of Monte Carlo replications per experiment is 1,000.
The tests we consider are based on the statistic S ψ defined in (2) with the following four functions ψ: ψ 1 (x) := x 3 , ψ 2 (x) := x/(1 + x 2 ), ψ 3 (x) := arctan x, and ψ 4 (x) := sgn x. We note that ψ 1 is related to a skewness-type test, ψ 2 is associated with the test proposed by Chen, Chou, and Kuan (2000) , ψ 3 is associated with the test of Premaratne and Bera (2005) , and ψ 4 is related to the sign test of Gastwirth (1971) .
The Monte Carlo Type-I error probabilities of tests of nominal level α = 0.05 are shown in Table 1 . The bootstrap tests perform reasonably well across the values of d and the different noise distributions considered. The error in the rejection probability of tests based on ψ 1 , ψ 2 and ψ 3 is more pronounced for highly leptokurtic distributions such as (S4) and (S5) when n = 100. Even in such cases, however, deviations of the empirical rejection probabilities from the nominal level are not so large as to render the tests unattractive for applications.
It may be useful to note that one possible way of improving the reliability of the tests in terms of small-sample Type-I error probability may be by calibrating their level, an idea that dates back to Loh (1987) and Beran (1988) . Choi and Hall (2000) demonstrated that, in the presence of short-range dependence, such calibration can deliver sieve bootstrap confidence intervals that are second-order accurate. To my knowledge, analogous results are currently unavailable for long-range dependent or antipersistent processes. 
Empirical Illustrations
In this section, we illustrate the practical use of the proposed methods by analyzing two real data sets.
Realized Volatility
In our first application, we examine the symmetry properties of empirical measures TSRV is known to have good statistical properties (as an estimator of the latent quadratic variation of the efficient logarithmic price process) in the presence of market microstructure noise.
In Tables 3 and 4 , we show summary statistics for each of the two raw volatility measures, its natural logarithm and its multiplicative inverse. The inverse transformation was recommended by Gonçalves and Meddahi (2011) as a means of im-proving the accuracy of confidence intervals for quadratic variation based on RV.
A semiparametric estimate (d) of the memory parameter of each volatility series is also reported. This is obtained using the local Whittle estimator (Künsch (1987); Robinson (1995) ) with bandwidth set equal to b{16(−2.19ĉ) 2 } −1/5 n 4/5 c, whereĉ is the least-squares estimate of the third coefficient in the pseudo-regression of log I(ω i )
on ( (2001)).
Bootstrap P -values for tests of symmetry based on the four functions ψ used previously in Section 4 are shown in Tables 5 and 6 ; the cases in which a 90% bootstrap confidence interval for ζ ψ , constructed as in (9), contains the value zero are also indicated. Bootstrap approximations are computed from N = 2, 000 bootstrap replicates, with the sieve order estimated as the minimizer of the AIC over the range 1 6 p 6 b2(log n) 2 c. Symmetry is rejected by tests based on S ψ 2 , S ψ 3 and S ψ 4 for all RV and TSRV series. The skewness-type statistic S ψ 1 and the confidence interval for ζ ψ 1 do not provide strong evidence against symmetry for two RV series (KO and PFE) and two TSRV series (BA and KO). In the case of logarithmic TSRV, symmetry is rejected for all series but KO (and also BA when using ψ 1 , which is not perhaps surprising since skewness is relatively small for BA). The evidence against symmetry is even stronger for logarithmic RV, the only marginal non-rejection being obtained for KO when using the ψ 1 function. Findings are similar for the inverse volatility measures, with evidence in favor of symmetry being provided by the test based on S ψ 1 and the confidence interval for ζ ψ 1 only in the case of the inverse TSRV measure for BA. These results are especially convincing in light of the low power of tests when the memory parameter is large and positive, and indicate that distributional symmetry may not be as typical a characteristic of logarithmic and inverse volatility measures as is often suggested in the literature.
We end by noting that, although realized measures of volatility such as RV and TSRV are treated as essentially observable, they do contain a sampling error and should not therefore be thought of as being the same as the true (latent) 
Output Growth
As a second illustration, we examine the symmetry properties of real output growth rates of G7 economies. DeLong and Summers (1986) In Table 7 , we report the sample skewness coefficient and estimated memory parameter of the output growth series, as well as , 1), suggesting that the underlying stochastic processes are nonstationary but with impulse responses that decay towards zero, albeit at a polynomial rate. The possibility of antipersistent behavior resulting from 'overdifferencing' nonstationary time series whose order of integration is fractional and less than unity is an issue that has received virtually no attention in the literature on growth-rate asymmetry.
Looking at the P -values for the tests based on the four ψ functions, symmetry is rejected for Canada by all four tests and for the U.K. by tests based on statistics other than S ψ 1 . Confidence intervals for ζ ψ suggest the presence of asymmetry in the Canadian, French and U.K. GDP growth rates.
Summary
In this paper, we have discussed tests for symmetry (around a specified or unspecified center) of the marginal distribution of a fractionally integrated process. As a practical means of implementing the tests, we have proposed using a symmetric sieve bootstrap procedure to estimate finite-sample P -values and/or critical values.
The sieve bootstrap delivers tests which are asymptotically valid for short-range dependent, long-range dependent and antipersistent time series, and does not require knowledge (or estimation) of the memory parameter of the data or of the appropriate norming factor for the test statistic. Simulation results have shown that the bootstrap tests performs satisfactorily, although they tend to lack power when the memory parameter is large and positive. Applications to realized measures of stock return volatility and real output growth illustrated the practical use of the proposed procedures.
Appendix
Proof of Proposition 1. Noting that, under (A.5), S ψ satisfies the conditions of Lemma 1 of Poskitt (2008) , the required result follows by arguments almost identical to those used by Poskitt in the proof of his Theorem 2. Specifically, in view of Poskitt's Remark 2 regarding mean correction, the only modification to his proof that needs to be made relates to {ξ *
pξp ). To accommodate this modification, let (φ p,1 , . . . , φ p,p , σ 2 p ) be the solution of the pthorder Yule-Walker equations
, with φ p,0 := 1, and put ξ p,t := P p j=0 φ p,j (X t−j −μ), t ∈ Z, so that E(ξ 2 p,t ) = σ 2 p . Upon observing that {ξ p,t −σ p ξ * p,t } are independent under the conditional probability measure carrying X * p , a straightforward calculation yields
whereφ p,j := 0 for j > p and E * denotes expectation with respect to X * p , conditional on X n . Furthermore, since
with the o(1) term being of that order almost surely. Then, it is easy to see that the arguments in the proof of Poskitt's Theorem 2 go through unchanged under the resampling scheme based onQ p , and the assertion of the proposition follows. ¥ Proof of Proposition 2. The second condition of (A.4) holds forp on account of
Hence, it remains to show thatp diverges to infinity with n almost surely. To this end, for each p ∈ N, let ξ p,t := P p j=0 φ p,j (X t−j − μ), t ∈ Z, φ p,0 := 1, be the error associated with the best linear predictor of X t based on (X t−1 , . . . , X t−p ). By Theorem 36.4 in Billingsley (1995, p. 495) (2007),
uniformly in p, with the o(1) term being of that order almost surely. It can now be seen that the asserted property ofp is true, for, ifp does not diverge as n → ∞, then Figures in parentheses are asymptotic standard errors.
